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Gradient expansion formalism for nonlinear superhorizon perturbations
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1 Center for Computational Sciences, University of Tsukuba, 1-1-1 Tennoudai, Ibaragi 305-8577 Japan
(Dated: April 24, 2018)
We develop a theory of nonlinear cosmological perturbations on superhorizon scales where a
characteristic length scale of perturbations is longer than the Hubble radius, in general theoretical
frameworks. Our formalism is based on the spatial gradient expansion approach by adopting the
ADM decomposition. Nonlinear superhorizon perturbation including both scalar (curvature pertur-
bation) and tensor (gravitational waves) modes can be dealt with valid up to a second-order in the
expansion. First we will review the formalism for a standard general relativity (GR) gravity plus
a general kinetic single scalar (k-inflation) with a general form of the potential in the context of
inflationary cosmology. That is the basic overview of our procedure. Then it can be extended to
more general framework, that is (1) beyond k-inflation (Galileon inflation), (2) a multi-component
scalar field with a general kinetic term and a general form of the potential and also (3) beyond
Einstein gravity (general scalar-tensor theory), which can lead to several kinds of modified gravity.
These theories are motivated not only inflation, but also the topic of dark energy. We provide a
formalism to obtain the solution and construct nonlinear curvature perturbation in such general
theoretical situation and it can be applied to the calculation of the superhorizon evolution of a
primordial non-Gaussianity beyond the so-called δN formalism, showing fully nonlinear interaction
of both scalar and tensor modes.
PACS numbers: 98.80.-k, 98.90.Cq
I. INTRODUCTION
Cosmological nonlinear perturbation on superhorizon
scale plays a key role to investigate evolution of primor-
dial perturbation including scalar (curvature) perturba-
tion and tensor (gravitational waves) perturbation. Es-
pecially, non-Gaussianity of curvature perturbations is
one of the most powerful tool to distinguish different
models of inflation (see Ref. [1] and references therein).
And also, in the superhorizon region where the charac-
teristic length scale is longer than the Hubble radius,
one may consider a classification of quantum fluctuations
stretched over from subhorizon scale, however, this fun-
damental process is unknown. In order to make clear this
physics, it is important to investigate evolution of super-
horizon perturbation, especially, the classical evolution
equation followed by such superhorizon perturbation in
the view point of link to a quantum equation. We develop
nonlinear cosmological perturbation by adopting a gra-
dient spatial expansion [2], different from the standard
second-order perturbation theory [3]. On superhorizon
scale, such approach is a powerful tool to allow us to cal-
culate full nonlinear effect in terms of standard perturba-
tion language. The zeroth-order in gradient expansion is
equivalent to the formalism called δN formalism [4–7], so
our next-leading order in expansion can be called beyond
δN formalism [8–15]. It can contain higher order contri-
butions, related to a violation of slow-roll condition.
The recent observational data of PLANCK satellite
in 2015 [16] gave us detailed observational data of
Cosmic Microwave Background and the fact that non-
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Gaussianity of primordial curvature perturbation is very
small at the local type, which is predicted by using δN
formalism. Indeed δN formalism just leads to constant
contribution which only related to the local type of non-
Gaussianity, but our beyond δN obtain a time evolution
and general kind of non-Gaussianity. We hope that the
future precision detection of non-Gaussianity may actu-
ally be expected a frequency dependence. Moreover, pri-
mordial gravitational waves can be expected to be de-
tected in the near future and general prediction of tensor
perturbation in nonlinear cosmological perturbation in
a general theoretical setup, such as a modified gravity
needs. Thus, to evaluate such superhorizon perturba-
tions, it is necessary to develop a nonlinear theory of
cosmological perturbations valid up through the next-
leading order in the gradient expansion.
In this paper, we will overview our basic procedure in
Sec. II as a proto type of formalism for a single general
kinetic inflation (k-inflation) [10]. Then we discuss the
extension of our formalism for beyond k-inflation, that is
Generalized Galileon (G-inflation) [13] in Sec. III. In Sec.
IV and Sec. V, we develop extensions of our formalism
for multi-scalar case [12] and beyond GR gravity plus a
single scalar, namely the most general scalar-tensor the-
ory (beyond Horndeski theory), respectively. Section VI
is devoted to the conclusion.
II. SINGLE-FIELD CASE
In this section, the model of non-canonical single scalar
field is a good example as a basic review of our formal-
ism following [9, 10]. Then we consider GR gravity plus
a general kinetic single scalar field described by the La-
2grangian density of the form
L = √−g
[
(4)R
16πGN
+ P (X,φ)
]
, (2.1)
where (4)R is the four-dimensional Ricci scalar and X :=
−gµν∂µφ∂νφ/2. Note that we do not assume the explicit
forms of both kinetic term and its potential, that can be
given as arbitrary function of P (X,φ). Hereafter we will
adopt units such that 8πGN = 1.
We introduce a small expansion parameter: ǫ ≡
1/(HL), which is the ratio of the Hubble length scale
1/H to the characteristic length scale of perturbations L
and the order in expansion can be expressed as O(ǫ2).
First of all, we show the main result in our formula for
the nonlinear curvature perturbation: RNLc ,
∂2τRNLc + 2
∂τz
z
∂τRNLc +
c2s
4
K(2)[RNLc ] = O(ǫ4) , (2.2)
which shows two full-nonlinear effects;
1. Nonlinear variable: RNLc including full-nonlinear
curvature perturbation, δN
2. Source term: K(2)[RNLc ] is a nonlinear function of
curvature perturbations.
In (2.2), τ denotes a conformal time and z is a well-known
Mukhanov-Sasaki variable:
z =
a
H
√
ρ+ P
c2s
, (2.3)
where ρ and P denote energy density and pressure
of a scalar field, respectively with a speed of sound
for perturbation: c2s whose explicit definition will be
shown later (2.20). The definition of RNLc will be also
seen later, in (2.19) and the source term K(2)[γ] is the
Ricci scalar of the metric γ, respectively, whose explicit
form will be shown in (2.22). Of course, in the linear
limit, it can be reduced to the well-known equation for
the curvature perturbation on comoving hypersurfaces;
∂2τRLinc + 2∂τzz ∂τRLinc − c2s∆[RLinc ] = 0, with the Lapla-
cian ∆ ≡ ∇2.
We will briefly summarize our formula and show the
above results in the following. We adopt the Arnowitt-
Deser-Misner (ADM) decomposition and employ the gra-
dient expansion. In the ADM decomposition, the metric
is expressed as
ds2 = −α2dt2 + gij(dxi + βidt)(dxj + βjdt) , (2.4)
where α is the lapse function, βi is the shift vector and
Latin indices run over 1, 2, 3. We introduce the extrinsic
curvature Kij defined by
Kij =
1
2α
(∂tgij −∇iβj −∇jβi) , (2.5)
where ∇ is the covariant derivative compatible with the
spatial metric gij . As a result, the basic equations are
reduced to the first-order equations for the dynamical
variables (gij ,Kij), with the two constraint equations.
We further decompose them as
gij = a
2(t)e2ζγij ,
Kij = a
2(t)e2ζ
(
1
3
Kγij +Aij
)
, (2.6)
where a(t) is the scale factor of the Universe for the
background spacetime. γij is an unit-determinant metric
det[γij ] = 1 and Aij is the traceless part of the extrinsic
curvature. And also, K is defined by K ≡ γijKij . We
choose a spatial gauge choice as
βi = 0 . (2.7)
That simplifies the basic equations because it means
naively ignoring any vector modes. Of course, one can
take into account the condition βi 6= 0. In that case, one
can obtain vector modes as referring [9]. Hereafter we
will take this simple spatial gauge choice (2.7) through-
out this paper. In this gauge choice, we obtain evolution
equations for curvature perturbation ζ and tensor per-
turbation γij as
∂⊥ζ = −H
α
+
K
3
, (2.8)
∂⊥γij = 2Aij , (2.9)
where ∂⊥ ≡ ∂t/α and H is the Hubble parameter de-
fined by H(t) ≡ a˙(t)/a(t) for the background Friedmann-
Lemaitre-Robertson-Walker (FLRW) spacetime. Here-
after a dot denotes represents differentiation with respect
to t. They were derived from the definitions of K and
Kij given above. And also, two dynamical equations for
(K,Aij) can be obtained by varying the Lagrangian with
respect to γij , that corresponds to trace part and trace-
less part as
∂⊥K = −1
3
K2 −AijAij + 1
a2e2ζα
(
D2α+DiαD
iζ
)
− 1
2
(S + E) , (2.10)
∂⊥Aij = −KAij + 2AikAkj
− 1
a2e2ζ
[
Rij +DiψDjζ −DiDjζ
− 1
α
(
DiDjα−DiαDjζ −DjζDiα
)]TF
+ Sij ,
(2.11)
where D is the covariant derivative compatible with γij ,
D2 ≡ γijDiDj , Rij ≡ Rij [γ], that is the Ricci tensor
of the spatial metric γij , and [·]TF means the trace-free
operator, which is defined by QTFij ≡ Qij − γijγklQkl/3.
γij is the inverse matrix of γij and the index of Aij is
raised by γij . And also, the matter field part can be given
by the energy-momentum tensor Tµν as E ≡ T00/α2 and
Tij = a
2(t)e2ζ(Sγij/3 + Sij) with S ≡ γijTij .
3Varying α and βi gives two constraints called Hamilto-
nian and Momentum constraint equations, respectively,
which are
1
a2e2ζ
[
R− (4D2ζ + 2DiζDiζ)
]
+
2
3
K2 −AijAij = 2E,
(2.12)
2
3
∂iK − e−3ζDj
(
e3ζAji
)
= Ji, (2.13)
where R ≡ R[γ] is the Ricci scalar of the normalized
spatial metric γij and Ji = −PX∂iφ.
The equation of motion for φ is given by
2√−g∂µ
(√−gPX∂µφ)+ Pφ = 0, (2.14)
where the subscripts X and φ represent derivative with
respect to X and φ, respectively.
A. Gradient expansion approach
Next, we will employ the gradient expansion. In this
approach we introduce a flat FLRW universe (a(t), φ0(t))
as a background. As discussed, we consider the per-
turbations on superhorizon scales, therefore we consider
ǫ = 1/(HL) = k/(aH) as a small expansion parame-
ter and systematically expand equations by ǫ. Spatial
derivative acting on a perturbation raises the order by
ǫ as ∂iQ = O(ǫ)Q. We attach the superscript (m) to a
quantity of O(ǫm) throughout this paper.
It is natural to assume the condition for the gradient
expansion; ∂tγij = O(ǫ) since the FLRW universe is re-
covered as background for ǫ → 0. Moreover, we assume
the stronger condition:
∂tγij = O(ǫ2) . (2.15)
This corresponds to assuming the absence of any decay-
ing modes at the leading-order in the expansion. This
is justified in taking inflationary acceleration of the uni-
verse. In fact, under the condition: ∂tγij = O(ǫ), we
obtain the general solution ∝ a−3 in [15] and also in [17],
so inflation can wash away such decaying mode soon. In
order to solve the above basic equations, one has to fix the
gauge condition. For the case of single scalar, the most
convenient choice of the temporal coordinate is such that
the expansion K is uniform and takes the form:
K(t, xi) = 3H(t) , (2.16)
called uniform expansion gauge. Adopting this gauge
choice, the basic equation reduces simply to
∂tζ = H(α− 1) =: Hδα(t, xi) . (2.17)
It means that the time evolution of the curvature per-
turbation caused by the inhomogeneous part of the lapse
function δα only, relating to the non-adiabatic perturba-
tion on superhorizon scale. Hereafter δ denotes a fluctu-
ation for any quantity as δQ ≡ Q − Q0, where the sub-
script 0 denotes the background. With the above choice
of gauge, the general solution valid up to O(ǫ2) can be
obtained in [9].
When we focus on a contribution arising from the
scalar-type perturbations, we may choose the gauge in
which γij approaches the flat metric as γij → δij for
t → ∞, when the epoch close to the end of inflation.
For the purpose of construct nonlinear curvature per-
turbation, we take the comoving slicing: δφc(t, x
i) = 0.
Let us use the subscript K and c to indicate the quan-
tity in the uniform expansion(K) and comoving gauge.
So we had obtained the general solution, that is at-
tached to the subscript K. By using a transformation
from uniform K gauge to the comoving gauge, we ob-
tain the curvature perturbation in the comoving gauge:
ζc = ζK −HδφK/φ˙+O(ǫ3).
Now we turn to the problem of properly defining a
nonlinear curvature perturbation to O(ǫ2) accuracy by
using the general solution above. Hereafter we will use
the expression Rc on comoving slices to denote it. Let
us consider the linear curvature perturbation which is
given as RLin =
(
HLinL +
HLinT
3
)
Y , where, following the
notation in [18], the spatial metric in the linear limit
is expressed as γij = a
2(δij + 2H
Lin
L Y δij + 2H
Lin
T Yij).
These expressions in the linear theory correspond to the
metric components in our notation as ζ = HLinL Y and
γij = δij + 2H
Lin
T Yij . Notice that the variable ζc reduces
to RLinc at leading-order in the gradient expansion, but
not at second-order and it will be also similar to the non-
linear theory. Thus to define a nonlinear generalization
of the linear curvature perturbation, we need nonlinear
generalizations of HLY and HTY . Our nonlinear ζ is an
apparent natural generalization of HLinL Y as HLY = ζ.
As for HTY , however, the generalization is non-trivial.
It corresponds to the O(ǫ2) part of γij . As shown in [10],
it can be done by introducing the inverse Laplacian op-
erator ∆−1 on the flat background and we defined the
nonlinear generalization of HTY as
HTY = χ ≡ −3
4
∆−1
[
∂ie−3ζ
(0)
∂je3ζ
(0)
(ln γ)ij
]
.(2.18)
With these definitions of HLY and HTY , we can define
the nonlinear curvature perturbation valid up through
O(ǫ2) as
RNLc ≡ ζc +
χc
3
. (2.19)
It is easy to show that this nonlinear quantity can be
reduced to RLinc in the linear limit. As clear from (2.18),
findingHTY generally requires a spatially non-local oper-
ation, however, in the comoving slicing with the asymp-
totic condition on the spatial coordinates, we find it is
possible to obtain the explicit form of HTY without any
non-local operation as seen in [10]. Finally, we can de-
rive a nonlinear second-order differential equation that
RNLc (2.19) satisfies at O(ǫ2) accuracy by introducing
4the conformal time τ , defined by dτ = dt/a(t) and the
Mukhanov-Sasaki variable (2.3) with a speed of sound c2s:
c2s =
PX
PX + 2PXXX
. (2.20)
The result can be reduced to a simple equation of the
form (2.2) as a natural extension of the linear version:
∂2τRNLc + 2
∂τz
z
∂τRNLc +
c2s
4
K(2)[RNLc ] = O(ǫ4) ,(2.21)
with
K(2)[ζ(0)] = −2(2∆ζ(0) + δij∂iζ(0)∂jζ(0))e−2ζ(0) .
(2.22)
Through up to the second-order in expansion, it can be
evaluated as K(2)[RNLc ] = K(2)[ζ(0)c ]+O(ǫ4) since RNLc =
ζc +O(ǫ2) with χc = O(ǫ2).
B. Linear Theory valid up to O(ǫ2)
To obtain the power spectrum, we will use the linear
theory of the curvature perturbation in this subsection.
The master equation:
∂2τRLinc + 2
∂τz
z
∂τRLinc − c2s∆[RLinc ] = 0 , (2.23)
has two independent solutions; conventionally called a
growing mode and a decaying mode. We assume that
the growing mode is constant in time at leading order in
the spatial gradient expansion as the assumption: (2.15),
justified in an inflationary universe.
As shown in [10], the linear solution valid up to O(ǫ2)
can be obtained as
RLinc,k (τ) =
[
α˜Link + (1 − α˜Link )
D˜(τ)
D˜∗
−
(
F˜∗
D˜∗
D˜(τ) + F˜ (τ)
)
k2
]
U
(0)
k
, (2.24)
where U
(0)
k
denotes an integration constant and the inte-
grals D˜(τ) and F˜ (τ) have been given as
D˜(τ) = 3H(τ∗)
∫ τ
τ∗
dτ ′
z2(τ∗)
z2(τ ′)
,
F˜ (τ) =
∫ τ
τ∗
dτ ′
z2(τ ′)
∫ τ ′
τ∗
z2(τ ′′)c2s(τ
′′)dτ ′′. (2.25)
Here D˜∗ = D˜(τ∗), F˜∗ = F˜ (τ∗), τ∗ and H denote an ini-
tial time of gradient expansion and the conformal Hubble
parameter H = d ln a/dτ , respectively. The integrals in
(2.25) represent a decaying and growing mode solution,
respectively.
Note that RLinc,k (τ∗) = U
(0)
k
that is just a constant solu-
tion, while RLinc,k (0) = α˜Link U
(0)
k
. Thus if the factor |α˜Lin
k
|
is large, it represents an enhancement of the curvature
perturbation on superhorizon scales due the O(ǫ2) effect
[19].
Here it is useful to consider an explicit expression for
α˜Lin
k
in terms of RLinc,k and its derivative at τ = τ∗. The
result is
α˜Link = 1 +
D˜∗
3H∗
∂τRLinc,k (τ∗)
RLinc,k (τ∗)
− k2F˜∗ +O(k4). (2.26)
In order to relate our calculation with the standard for-
mula for the curvature perturbation in linear theory, we
introduce τk (or tk) which denotes the time at which the
comoving wavenumber has crossed the Hubble horizon,
τk = − r
k
; 0 < r ≪ 1 . (2.27)
The power spectrum at the horizon crossing time is given
by
〈RLinc,k (τk)RLinc,k′ (τk′)〉 = (2π)3PR(k)δ3(k + k′),
PR(k) =
∣∣RLinc,k (τk)∣∣2 . (2.28)
By inverting RLinc,k in terms of U (0)k as shown in [10], we
can show the final value of the linear curvature pertur-
bation as
RLinc,k (0) = α˜Link U (0)k = αLink RLinc,k (τk) +O(k4) , (2.29)
where
αLin
k
= 1 + αRDk − k2Fk , (2.30)
and
αR =
1
3H(τk)
∂τRLinc,k
RLinc,k
∣∣∣∣
τ=τk
,
Dk = 3H(τk)
∫ 0
τk
dτ ′
z2(τk)
z2(τ ′)
,
Fk =
∫ 0
τk
dτ ′
z2(τ ′)
∫ τ ′
τk
z2(τ ′′)c2s(τ
′′)dτ ′′. (2.31)
The formula (2.29) will be used in the next subsection.
The power spectrum at the final time is thus enhanced
by the factor |αLin
k
|2 as
〈RLinc,k (0)RLinc,k′′(0)〉 = (2π)3|αLink |2PR(k)δ3(k + k′) .
(2.32)
C. Nonlinear theory valid up to O(ǫ2)
Using the linear solution of the curvature perturbation
given by (2.24), here we can derive the nonlinear solu-
tion by matching the two at τ = τ∗. The main purpose
of the matching is to make it possible to analyze super-
horizon nonlinear evolution valid up to the second-order
5in gradient expansion, starting from a solution in the lin-
ear theory. In particular, we would like to evaluate the
bispectrum induced by the superhorizon nonlinear evolu-
tion. For this purpose, we need to have full control over
terms up not only to O(ǫ2) but also to O(δ2), where we
suppose that the linear solution is of order O(δ). There-
fore, the matching condition at τ = τ∗ should be of the
form
RNLc (τ∗) = RLinc (τ∗) + s1(τ∗) +O(ǫ4, δ3),
∂τ RNLc (τ∗) = ∂τ RLinc (τ∗) + s2(τ∗) +O(ǫ4, δ3) ,(2.33)
where s1(τ∗) = O(δ2) and s2(τ∗) = O(δ2) are functions
of τ∗ and spatial coordinates. While the linear solution
RLinc (τ) is considered as an input, i.e., initial condition,
the additional terms, s1(τ∗) and s2(τ∗), are to be deter-
mined by the following condition. The terms of order
O(δ2) in RNLc,k and ∂τRNLc,k should vanish at the horizon
crossing when τ = τk. Note that τk < τ∗. In other
words, s1(τ∗) and s2(τ∗) represent the O(δ2) part of RNLc
and ∂τRNLc , respectively, generated during the period be-
tween the horizon crossing time and the matching time.
We have to omit the explicit way to determine the
terms s1 and s2 for want of space, that was shown in
[10]. As a result, using the linear solution of the curva-
ture perturbation given by (2.24) we have the nonlinear
comoving curvature perturbation at the final time τ = 0
(or t =∞) given by
RNLc,k(0) = RLinc,k (τk)− (1− αLink )RLinc,k (τk)
−1
4
FkR˜
(2)[RLinc (τk)] +O(ǫ4, δ3) , (2.34)
where
R˜(2)[ζ(0)] ≡ 4∆ζ(0) +K(2)[ζ(0)]
= −2(δij∂iζ(0)∂jζ0 − 4ζ(0)∆ζ(0)) +O((ζ(0))3) ,
(2.35)
which denotes the nonlinear term derived from Ricci
scalar K(2) (2.22). The first term in (2.34) corresponds
to the result of the δN formalism, that is a constant since
we considered the system for a single scalar field, the sec-
ond term is related to an enhancement on superhorizon
scales in linear theory, and the last term is the nonlinear
effect which may become important if Fk is large.
Here we can notice that in order to the final values of
curvature perturbation both in linear (2.29) and in non-
linear theory (2.34), all one have to do is to estimate the
same integrals shown in both theories as DK and Fk in
αLin
k
. The reason why is that the master equations (2.21)
and (2.23) for both theories have the same structures of
evolution equation as described before.
In [10], we calculated non-Gaussianity of curvature
perturbations for a model of sudden slope change of in-
flaton’s potential. We also had studied several applica-
tions of our formalism in [11, 14], where we considered a
model of temporal stopping inflaton and varying sound
speed, respectively. Such effect is sensitive to the tempo-
ral violation of some kind of slow-roll conditions. So our
formalism is good to evaluate time evolution of curva-
ture perturbation in the physics for violation of slow-roll
conditions.
III. BEYOND KINETIC-INFLATION
In this section, we will review [13] and we go beyond
kinetic inflation whose the Lagrangian density given as
L = √−g
[ (4)R
2
+ P (X,φ)−G(X,φ)✷φ
]
, (3.1)
where G is also an arbitrary function of φ and X . Al-
though the above action depends upon the second deriva-
tive of φ through ✷φ = gµν∇µ∇νφ, the resulting field
equations for φ and gµν remain second order. In this
sense the above action gives rise to a more general single-
field inflation model than k-inflation, i.e., Generalized
Galileon inflation(G-inflation) [20]. The same scalar-field
Lagrangian is used in the context of dark energy and
called kinetic gravity braiding [21]. In fact, the most gen-
eral inflation model with second-order field equations was
proposed in [20] based on Horndeski’s scalar-tensor the-
ory [22, 23]. However, here we focus on the action (3.1)
which belongs to a subclass of the most general single-
field inflation model, because it involves sufficiently new
and interesting ingredients while avoiding unwanted com-
plexity.
We can replace the following equation of motion with
(2.14) for this generic single scalar field as
∇µ
[
(PX−Gφ−GX✷φ)∇µφ−GX∇µX
]
+Pφ−Gφ✷φ = 0.
(3.2)
Taking same procedure in the previous section can al-
low us to obtain the nonlinear curvature perturbation in
the comoving gauge satisfying the similar form of evolu-
tion equation as a second-order differential equation:
∂2τR
NL
c + 2
∂τz
z
∂τR
NL
c +
c2s
4
K(2)[RNLc ] = O(ǫ4) , (3.3)
where K(2)[RNLc ] is the Ricci scalar of the metric
δij exp
(
2RNLc
)
in (2.22) and
z :=
aφ˙
√GG
ΘG
, (3.4)
with
GG(t) := EX − 3ΘG(GX φ˙)0, (3.5)
ΘG(t) := H − (GXXφ˙)0, (3.6)
EX(t) :=
[
PX + 2XPXX + 9HGX φ˙
+ 6HGXX φ˙0 − 2Gφ − 2XGφX
]
0
. (3.7)
6Here c2s is the sound speed squared of the scalar fluctua-
tions defined as
c2s :=
FG(t)
GG(t) , FG(t) :=
1
X0
(−∂tΘG +ΘGGXXφ˙)0.
(3.8)
This is a generalization of familiar “z” in the
Mukhanov-Sasaki equation [24], and reduces indeed to
a
√
(ρ+ P )/Hcs in the case of k-inflation as shown in
(2.3).
We have introduced an appropriately defined variable
for the nonlinear curvature perturbation in the comoving
gauge (δφ = 0), RNLc . It is a combination of ζ and scalar
mode χ from an unit spatial metric γij , which is given
by
R
NL ≡ ψ + χ
3
. (3.9)
with
χ ≡ −3
4
∆−1
[
∂ie−3ψ∂je3ψ(γij − δij)
]
. (3.10)
The definition of (3.10) is same as (2.18). The evolution
equation for γij is obtained as
∂2τγij + 2H∂τγij + 2F (2)ij [γ] = O(ǫ4) , (3.11)
where the explicit form of Fij(2) will be shown in (5.48).
That is worth comparing with the later result of (5.53)
for the beyond GR theory shown in Sec. V, where it
is noticed that this equation is a key basic equation for
gravitational waves.
Upon linearization, the variable: RNL reduces to the
previously defined linear curvature perturbation RLinc on
uniform φ hypersurfaces. Then, it has been shown that
R
NL
c satisfies a nonlinear second-order differential equa-
tion (3.3), which is a natural extension of the linear per-
turbation equation for RLinc in (2.23) and RNLc in (2.21).
IV. MULTI-FIELD CASE
In this section, we will review multi-field case follow-
ing [12]. We consider Einstein gravity plus a multi-
component scalar field described by Lagrangian density
of the form
L =√−g
[
(4)R
2
+ P (XIJ , φK)
]
,
XIJ ≡ −gµν∂µφI∂νφJ/2 , (4.1)
where I, J and K run over 1, 2, . . . ,M denoting M-
components scalar field. Note that we do not assume the
explicit form of both kinetic terms and their potentials,
that can be given as arbitrary function of P (XIJ , φK).
Notice that it can not be a perfect fluid form, that is dif-
ferent from a single scalar system and we can replace the
following equation of motion with (2.14) for multi-scalar
field as
∂⊥
(
P(IJ)∂⊥φ
J
)
+KP(IJ)∂⊥φ
J
− 1
αa3e3ζ
∂i
(
αaeζP(IJ)γ
ij∂jφ
J
)
− 1
2
PI = 0. (4.2)
This is M-coupled second order differential equations.
We introduce the proper time η and its definition is
η(t, xi) ≡
∫
xi=const.
dt α(t, xi) . (4.3)
In terms of η, the expression of K at leading order in
gradient expansion with a spatial gauge choice: βi = 0,
K =
1
α
∂t(a
3ζ6)
a3ζ6
= 3
∂η(aζ
2)
aζ2
. (4.4)
If we associate aζ2 and η with a and t respectively, we
can check the correspondence between K and 3H . Based
on these facts, the structure of the above equations is
same as that of background equations. Namely, given
a background solution φI(t)|background = φI0(t), one can
construct the solution at leading order in gradient expan-
sion as φI(t, xi)|gradient = φI0(η).
In the standard cosmological perturbation, the e-
folding number N is often used as a time coordinate,
which is defined by
N =
∫ ∞
t
dt′H(t′) . (4.5)
Note that it is the number of e-folding counted backward
in time from a fixed final time t =∞. By replacing with
t with η nd H with K/3, we can generalize the e-folding
number N as
N ≡ 1
3
∫ t0
t
α(t′, xi)K(t′, xi)
∣∣
xi=const.
dt′ . (4.6)
If we also rewrite basic equation using N as a time co-
ordinate, we can again easily check that the structure of
equations exactly coincide with that of background equa-
tions using N as a time coordinate.
As for a gauge choice, we consider the uniform K slic-
ing which is taken in multi field case. At the leading
order in the gradient expansion, the evolution equation
for the extrinsic curvature can be used in order to obtain
the solution of lapse as
α(0) = − 2H˙(t)
E(0)(t) + P (0)(t, xi)
+O(ǫ3), (4.7)
We can express α(0) as a function of η using E(0) and
P (0). On the other hands, in a single-scalar system, it
reads α(0) = 1 and it is the main difference between single
and multi case. Since we have assumed that we can solve
the scalar field equation and express the scalar field as a
function of η, we know the expressions of E(0) and P (0) as
7a function of η. This equation means the inhomogeneity
of α is related with that of P (0). Therefore (4.7) can be
schematically expressed as
α = f
[
t, P (η)
]
= f
[
t, P
(∫
αdt
)]
. (4.8)
It is clearly shown that it is almost impossible to solve
this equation, at least in an analytical way.
Then we have to solve the Einstein equations on an-
other gauge, that is a uniform N slice. From Eq (4.6),
we can reread the condition of this slice as
α(t, xi)K(t, xi) = 3H(t) ⇔ ∂tζ(t, xi) = 0. (4.9)
It shows on this slice, curvature perturbation becomes
constant which is expressed by a function of xi only. It
is easy to obtain the solution in this gauge. First, we
solve the Einstein equations on uniform e−folding num-
ber slice, the solution of scalar fields are given by the
function of cosmic time or background e−folding num-
ber. Next, we consider the gauge transformation from
above slice to uniform expansion slice. Applying the de-
rived gauge transformation rules to the solution on above
slice, we can find out the solution on uniform expansion
slice.
A. Nonlinear gauge transformation
We derive the gauge transformation rules for the met-
ric, its derivative (K, Aij) and the scalar field. We con-
sider a nonlinear gauge transformation from a coordi-
nate system with vanishing shift vector βi = 0, to an-
other coordinate system in which the new shift vector
also vanishes, β˜i = 0. We note that once the time slicing
is changed, the shift vector appears in the new slicing
in general. So the spatial coordinates also need to be
changed to eliminate thus appeared shift vector. We use
the background e-folding number N as the time coor-
dinate and define the temporal and spatial shift, n and
Li, respectively, N˜ + n˜(N˜ , x˜i) = N, x˜i + L˜i(N˜ , x˜i) =
xi. Under the change of the coordinates, the line el-
ement should remain invariant, ds2 = − α2
H2(N)dN
2 +
a2(N)e2ζγijdx
idxj = − α˜2
H2(N˜)
dN˜2 + a2(N˜)e2ζ˜ γ˜ijdx˜
idx˜j .
Equating the coefficients of dN˜2, dN˜dx˜i, and dx˜idx˜j on
both sides of the above, we obtain the nonlinear gauge
transformation rules in Appendix of [12].
B. Beyond δN formalism
Let us briefly summarise the five steps in the Beyond
δN formalism.
1. Write down the basic equations (the Einstein equa-
tions and scalar field equation) in the uniform N
slicing with βi = 0 of (2.7). For convenience let
us call the choice of the coordinates in which one
adopts the uniform X slicing with βi = 0, the X
gauge. So the above choice is the N gauge. In this
gauge the metric components at leading order are
trivial since both ζ and γij are independent of time.
2. First solve the leading order scalar field equation
under an appropriate initial condition and then the
next-to-leading order scalar field equation which in-
volves spatial gradients of the leading order solu-
tion.
3. Solve the next-to-leading order Einstein equations
for the metric components and their derivatives.
4. Determine the gauge transformation from the N
gauge to theK gauge and apply the gauge transfor-
mation rules to obtained the solution the obtained
solution in the K gauge.
5. Evaluate the curvature perturbation R = ζ + χ/3
in the K gauge, where χ is to be extracted from
γij .
C. Solvable example
In this subsection, we demonstrate how to obtain the
solution up to next-to-leading order in gradient expan-
sion by applying our formalism to a specific, analytically
solvable model. We consider a canonical scalar field with
exponential potential [25],
P =
1
2
XIJ − V (φI) , V (φI) =W exp
[∑
J
mJφJ
]
,
(4.10)
where W is a constant. The solution is obtained under
the assumption of slow-roll conditions by
φ
(0)
I (N) = C
φ
I +mI(N −N0) , (4.11)
and the next-leading order solution is also obtained as
φ
(2)
I =
1
3
DφI
[
e3(N−N0) − 1
]
+
∫ N
N0
dN ′e3N
′
∫ N ′
N0
dN ′′e−3N
′′ SφI
a2e2CζV (0)
, (4.12)
where
SφI =3
K(0)
eCζ
∂i
(
eC
ζ
K(0)
Diφ
(0)
I
)
+K(0)
[
D2
(
1
K(0)
)
+Di
(
1
K(0)
)
DiC
ζ
]
∂Nφ
(0)
I
−
[
R− (4D2Cζ + 2DiCζDiCζ)
+ 2Diφ
(0)
J Diφ
(0)
J
]
∂Nφ
(0)
I , (4.13)
8N0 is an initial time and C
φ
I and D
φ
I represent the initial
values of the scalar field and its time derivative.
We obtain analytic solutions for all variables on the
uniform N gauge. We derive the solution on the K gauge
by applying a gauge transformation to the solution on the
N gauge. To do so, we first need to determine the gener-
ator of the gauge transformation between the two slices,
N → N˜ = N +n(N, xi) or conversely N˜ + n˜(N˜ , x˜i) = N .
What we need to know is the final value of R at suffi-
ciently late times, N → 0 (a→ a0eN0). We take N0 to be
a time around which the scales relevant to cosmological
observations crossed the Hubble horizon, hence N0 & 50.
In this case, at N = 0, the curvature perturbation re-
duces to
RK(N = 0) ≈ (0)Cζ + (2)Cζ − mI
3M2
DφI . (4.14)
where we have defined M2 =
∑
I m
2
I and assumed small
mass: M2 ≪ 1. The first term, (0)Cζ represents the
leading order curvature perturbation obtainable in the
usual δN formalism, and the remaining terms represent
O(ǫ2) contributions, the calculation of which is the main
purpose of the beyond δN formalism. The small massM
can give a contribution to large effect on the last term,
corresponding to initial time derivative of scalar field φI .
V. BEYOND EINSTEIN GRAVITY
In this section, we will consider gradient expansion for-
malism for a general single field in beyond GR gravity,
namely modified gravity. Such theory is related to a
general scalar-tensor theory. We take the Lagrangian
density of beyond Horndeski (GLPV) theory [26] as a
boarder generalization of the Galileons to curved space-
time, which is of the form L = √−g∑a Lφa , with
Lφ2 =G2(φ,X) , L
φ
3 = G3(φ,X)✷φ ,
Lφ4 =G4(φ,X)
(4)R− 2G4,X(φ,X)(✷φ2 − φµνφµν) ,
+ F4(φ,X)e
µνρ
σ e
µ′ν′ρ′σφµφµ′φνν′φρρ′ ,
Lφ5 =G5(φ,X)
(4)Gµνφ
µν
+
1
3
G5,X(φ,X)(✷φ
3 − 3✷φφµνφµν + 2φµνφµσφνσ)
+ F5(φ,X)e
µνρσeµ
′ν′ρ′σ′φµφµ′φνν′φρρ′φσσ′ , (5.1)
where φµ ≡ ∇µφ, φν ≡ ∇νφ, eµνρσ is the totally an-
tisymmetric Levi-Civita tensor and (4)Gµν is the four-
dimensional Einstein tensor. Note F4 = F5 = 0 equals to
Horndeski theory [22]. It ensures that the equation of mo-
tion are second order. Choosing the uniform scalar field
(φ =const) hypersurfaces leads to a ADM Lagrangian of
the form L = √−g∑a La, with
L2 =A2(t, α), L3 = A3(t, α)K,
L4 =A4(t, α)(K
2 −KijKij) +B4(t, α)Rˆ,
L5 =A5(t, α)(K
3 − 3KKijKij + 2KijKikKjk)
+B5(t, α)K
ij
(
Rˆij − 1
2
gijRˆ
)
, (5.2)
where Kij and Rˆij are the extrinsic and intrinsic curva-
ture tensors for gij on the constant time hypersurface.
We set K = gijKij and Rˆ = g
ijRˆij . The coefficients
in (5.2) are related to the original functions in (5.1) as
shown explicitly in [26]. The linear perturbation theory
was already studied in [27]. We will adopt gradient ex-
pansion approach to this theoretical setup (see also our
recent work [15] in the same point of view).
In the setup of the Lagrangian (5.2), the Hamiltonian
constraint is obtained by
(A2α)
′ +A′3αK + (A4/α)
′α2
(
2
3
K2 −AijAij
)
+ (A5/α
2)′α3
(
2
9
K3 −KAijAij + 2AiaAajAij
)
+ (B4α)
′Rˆ− α
6
B′5KRˆ+ αB
′
5RˆijA
ij = 0 , (5.3)
where a prime represents differentiation with respect to
α. The Momentum constraint is obtained by
DiA3 +
4
3
Di(A4K)− 2e−3ζDj(A4e3ζAij)
+Di
(
A5
(
2
3
K2 − 3AabAab
))
− 2e−3ζDj
(
A5e
3ζ(KAij − 3AiaAja)
)
+ RˆijDjB5 − 1
2
DiB5Rˆ = 0 , (5.4)
where D represents covariant derivative for γij .
Two dynamical equations for (K,Aij) can be obtained
by varying the Lagrangian with respect to gij , that cor-
responds to trace part and traceless part as
9(2A4 + 2A5K) ∂⊥K − 3A5Aij∂⊥Aij − 3
2
A2 +
3
2
∂⊥A3 + 2K∂⊥A4 +
(
K2 − 3
2
AijA
ij
)
∂⊥A5
+
(
K2 +
3
2
AijA
ij
)
A4 +
(
2
3
K3 + 3AiaA
a
jA
ij
)
A5
− B4
2
Rˆ +
2
α
D2(αB4)− 1
4
∂⊥B5 Rˆ+
1
2
DiDjB5A
ij − 1
3
K(D2B5)− 2
3
DiKDiB5
+DiA
ijDjB5 − 2
3α
DiαDiB5K +
1
α
DiαA
ijDjB5 = 0 , (5.5)
−(A4 +A5K) ∂⊥Aij + 6A5(∂⊥AiaAaj )TF −A5∂⊥KAij −K(A4 +A5K)Aij
+ 2(A4 +A5K)AiaA
a
j + 3A5K(AiaA
a
j )
TF − 12A5(AibAbaAaj )TF
− ∂⊥A4Aij + (∂⊥A5)
(−KAij + 3(AiaAaj )TF )
+B4Rˆ
TF
ij −
1
α
[DiDj(αB4)]
TF +
1
2
∂⊥B5 Rˆ
TF
ij +
K
6
(DiDjB5)
TF +
1
2
(D2B5)Aij
− (AaiDjDaB)TF − (DaAaiDjB5)TF +DaAijDaB5 +
1
3
(DiB5Dj K)
TF − (DiAajDaB5)TF
+
1
α
DaαDaB5Aij − 1
α
(DaαDiB5A
a
j )
TF − 1
α
(DiαDaB5A
a
j )
TF +
K
3α
(DiαDjB5)
TF = 0 , (5.6)
We will solve a general solution valid up to O(ǫ2) later.
A. Background equations
We obtain the background part of the Lagrangian as
L(0) = a3(A2α+ 3A3H + 6A4H2/α+ 6A5H3/α2) ,
(5.7)
by using K = 3H/α, where a bar means a background
quantity. Varying Eq. (5.7) with respect to α and a, we
obtain, respectively,
−E := (A2α)′ + 3A′3H + 6(A4/α)′H2
+ 6(A5/α
2)′H3 = 0 , (5.8)
P := A2α− 6A4H2/α− 12A5H3/α2
− d
dt
(A3 + 4A4H/α+ 6A5H
2/α2) = 0 . (5.9)
B. Leading-order
The leading-order in the gradient expansion can be
interpreted as δN for curvature perturbation. In this
representation, inhomogeneous parts can be interpreted
as perturbed quantities ζ
ζ(t,x) = δN := N −N(t) , (5.10)
whereN represent a background e-folding number. If one
takes FLRW background, i.e. a = eN (t), ζ quantifies the
curvature perturbation as δN in the view of the separate
Universe approach. That is the so-called δN formalism.
In this approach, trace and traceless parts of the ex-
trinsic curvature can be given by
K = 3
dN
dt
+O(ǫ2) , Aij = 1
2
dγij
dt
+O(ǫ2) . (5.11)
Note that Aij represents a cosmic shear rate.
One can obtain ADM equations (5.5) and (5.6) in the
leading-order as
2Ξ ∂tK =GK K − 3A5αAij∂tAij
+
3
2
(A4α− A˙5)AijAij
+ 3AikA
k
jA
ijA5α+O(ǫ2) , (5.12)
Ξ ∂tAij =− (3HΞ + ∂tΞ)Aij − 6A5α∂tAiaAaj
− (2A4α+ 15A5H + 3A˙5)AikAkj
+ 6A5αAilA
l
kA
k
j +O(ǫ2) . (5.13)
where a dot represents differentiation with respect to t
and we defined
Ξ(t) = − (A4 + 3A5H/α) , (5.14)
GK(t) = 3HΞ+ A˙4 + 3A˙5H/α . (5.15)
If one consider the GR case, it takes A4 = −B4 = −1/2,
A2 = P (φ,X) and all others vanishing. So the definition
of Ξ is one as being a positive value. Here we assume
that cosmic shear is weak, i.e. Aij ≪ 1. It can allow
us to ignore the quadratic and cubic terms: (A2ij , A
3
ij).
Then (5.13) reads
∂tAij ≃ −{3H + ∂t(ln Ξ)}Aij +O(A2ij , ǫ2) , (5.16)
and it shows a leading order solution of Aij can be ig-
nored since it is just a decaying mode, i.e. A
(0)
ij ∝ a−3Ξ−1
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in the context of inflationary universe with a → ∞. So
we can set for general situation
Aij = O(ǫ2) , (5.17)
that is same condition for (2.15), which we have used in
our procedure. Then (5.12) also can be simplified as
∂tK ≃ {GK/(2Ξ)}K +O(A2ij , ǫ2) , (5.18)
If it shows GK(t)/Ξ < 0, the perturbation of K also
can be ignored since it just decays in time as K ∝
exp
[∫ GK/(2Ξ)dt] in an inflationary cosmology 1.
C. Next-leading order
In this subsection, we will adopt the condition (5.17).
We can introduce the perturbations of K and α as
K =
3H(t)
α(t)
[
1 + δK(t, xi)
]
α = α(t)
[
1 + δα(t, xi)
]
. (5.19)
The condition (5.17) can read
∂tγij = O(ǫ2) , (5.20)
that is equivalent to recovering FLRW Universe in the
limit of taking ǫ → 0 because a shear of the Universe
vanishes at the leading order. As shown in the last sub-
section, we can also take
δK = δα = O(ǫ2) . (5.21)
Up to the order of O(ǫ2), we can obtain ADM equa-
tions at the next-leading order, that are Hamiltonian
constraint and two dynamical equations (5.5) and (5.6)
as
δα = −GA
Λ
δK − FA
Λ
Rˆ+O(ǫ4) , (5.22)
Ξ ∂t(δK)− λ∂t(δα) = GB δK + GC δα
− α
2FB
12H
Rˆ+O(ǫ4) , (5.23)
∂tAij =
FC
Ξ
Aij − αFB
a2e2ζ Ξ
[Rˆij ]
TF +O(ǫ4) , (5.24)
1 The exact solution of the perturbation of K can be obtained as
(5.36) shown in the later subsection. It is shown as a solution
at the next-leading order, but it is same solution at the leading
order whenever the perturbations of K and α can be dealt with
as small quantities, that is solution for linearized equations. The
exact condition for decaying mode in this limit, GD < 0 in (5.38)
where the coefficients are defined as
Λ =α(A2α)
′′ + 3H(A′3α)
′
+ 6H2A′′4 + 6H
3(A′5/α)
′ , (5.25)
GA =3HA′3 + 12H2(A4/α)′ + 18H3(A5/α2)′ , (5.26)
FA =(B4α)′/α−B′5H/2 , (5.27)
GB = − 3HΞ− ∂t ln (H/α) Ξ
+ (A˙4 + 3HA˙5/α) , (5.28)
λ =α2A′3/4H +A
′
4α+ 3HA
′
5/2 , (5.29)
GC = − α(A2α)
′
4H
+
3H
2α
(A4α)
′ +
3H2
α
(A5α)
′
+
α
4H
∂t(A
′
3α) + ∂t(A
′
4α) +
3H
2α
∂t(A
′
5α) , (5.30)
FB =B4 + B˙5/(2α) , (5.31)
FC = − 3HΞ− ∂tΞ , (5.32)
and we have used the fact that any spatial derivative
terms of B4 and B5 can be estimated as higher expan-
sion order, that is a same order of DiDjδα = O(ǫ4)
via B4(t, α(t, x
i)) with the covariant derivative D for the
metric γij . Note that (5.24) is a linearized equation for
Aij since we assumed cosmic shear is weak with (5.17).
Ricci scalar and Ricci tensor can be rewritten as
Rˆ =a−2e−2ζ
[
R− (4D2ζ + 2DiζDiζ)
]
, (5.33)
RˆTFij =[Rij +DiζDjζ −DiDjζ]TF . (5.34)
If one focus on a scalar mode, it needs to solve two eqs
(5.22) and (5.23) for δα and δK, respectively. When the
coefficient λ is non-zero, their time evolution equations
are coupled, but they are reduced to one equation by
substituting (5.22) into (5.23) as
∂t(δK) = GD δK −FD (a2Rˆ) +O(ǫ4) (5.35)
The solution of δK can be obtained by
δK = G(t)
(
C(2) − (a2Rˆ)
∫ t
FD(t′)/G(t′) dt′
)
,
(5.36)
where C(2) is an integration constant and we defined
G(t) = exp
[∫
GD(t)dt
]
, (5.37)
GD(t) =
[
GB − GAGC
Λ
− λ∂t
(GA
Λ
)]
/L , (5.38)
FD(t) =
[
FAGC
Λa2
+
α2FB
12Ha2
+ λ∂t
( FA
Λa2
)]
/L , (5.39)
L = Ξ+ λGA/Λ . (5.40)
Note that the term a2Rˆ is a just spatial function as shown
in (5.33). The term GC can be rewritten by using back-
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ground equations (5.8) and (5.9) as
GC = −α
4
(3A′3 − 6A′5(H/α)2))
+
α
4H
(∂t(A
′
3α) + 4H/α∂t(A
′
4α) + 6(H/α)
2∂t(A
′
5α)) .
(5.41)
In the GR limit, it can show easily that the term GC = 0
and also λ = 0. In this case, one can also show
GD = GB/Ξ = −3H − ∂t ln(H/α) and it can simplify
the solution of G(t) as a−3H/α, that is a decaying mode
with inflation. Note that this simple solution is related
to a discussion in the previous subsection about leading-
order.
Therefore a curvature perturbation can be finally ob-
tained as
∂tζ = H(δK + δα) +O(ǫ4) . (5.42)
The final solution of ζ can be obtained by
ζ =
[∫ t
HG(t′)
(
1− GA
Λ
)
dt′
]
C(2) −FR(t) (a2Rˆ) ,
(5.43)
with
FR(t) =
∫ t
(HFA/Λ) dt′
+
∫ t [
H G(t′)
(
1− GA
Λ
)∫ t′
(FD/G)dt′′
]
dt′.
(5.44)
This is our main result for curvature perturbation in gen-
eral scalar-tensor theory. However, it is impossible to
construct one master evolution equation since this solu-
tion is related to two contributions: δα and δK, which
is different from the case of (2.17). So let us see tensor
mode in detail in the next subsection.
D. Gravitational waves via nonlinear interactions
We focus on the tensor mode in this subsection. Ten-
sor perturbation can be easily dealt with because of no
coupling with δK and δα up to the next-leading order in
the gradient expansion. First, we obtain the general so-
lution under the condition: (5.20) by integrating a basic
equation for Aij : (5.24),
Aij = e
∫
Θdt
{
C
(2)
ij −F (2)ij
∫ (
αc2T
a2
e−
∫
Θdt
)
dt
}
,
(5.45)
with a sound speed squared: c2T ;
c2T =
FB
Ξ
=
2B4α+ ∂tB5
−(2A4α+ 6HA5) , (5.46)
and we defined two new quantities:
Θ =
FC
Ξ
= −3H − ∂t(ln Ξ) , (5.47)
and
F (2)ij (x) =
RˆTFij [γ, ζ]
e2ζ
, (5.48)
and integral constant: C
(2)
ij . When one can use this so-
lution, it is easy to integrate (2.9) and reads
γij = γ
(0)
ij +D(t)C
(2)
ij + F (t)F (2)ij +O(ǫ4) , (5.49)
where
D(τ) = 2
∫ τ α(τ ′)
z2
dτ ′ , (5.50)
F (t) = − 2
∫ τ α(τ ′)
z2
(∫ τ ′
αc2T z
2(τ ′′)dτ ′′
)
dτ ′ , (5.51)
with
z := a
√
Ξ = a
√
−(A4 + 3A5H/α) , (5.52)
where we used e
∫
Θdt = 1/(az2) from (5.47). Here γ
(0)
ij
represents some spatial function as an integral constant
at the leading-order. The integral D(t) and F (t) are re-
lated to decaying and growing modes, respectively. In
the GR limit, we have z = a. So the integral results
D(t) ∝ ∫ a−3dt, that shows decaying mode. In this case,
the integral
∫
z2dτ can be reduced to
∫
adt, correspond-
ing to a growing mode. Therefore, the integrals tell us
to give a possibility that tensor perturbation can be en-
hanced when z decreases or z2c2T increases in τ .
Next, we can easily obtain one master evolution equa-
tion for tensor perturbation γij by using the solution of
(5.49) as
∂2γij
∂τ2
+ 2
∂τz
z
∂γij
∂τ
+ 2c2TF (2)ij [γ] = O(ǫ4) . (5.53)
Here the meaning of the term c2T defined in (5.46) denotes
some propagation speed of gravitational waves. Note
that the GR limit always gives constant sound speed
cT = 1 with A4 = −B4 = −1/2 and the functions A5
and B5 can allow us to change c
2
T . The value of (5.46) is
consistent with the linear perturbation theory of GLPV
theory in [27]. If one consider the time varying B5, the
speed of gravitational waves can change in time. It is
related to enhancement of gravitational waves on super-
horizon scale via time evolution on the effect of O(ǫ2).
And also the variable z of (5.52) can lead to the condi-
tion of the enhancement of
(5.53) is compatible with linear equation [27]:
∂2γij
∂τ2
+ 2
∂τz
z
∂γij
∂τ
− c2T∆γij = 0 . (5.54)
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The source term (5.48) is a given function only depend-
ing on spatial coordinate via (5.34). This term is source
term for a time evolution of γij and includes all full-
nonlinear interaction over scalar and tensor modes. Ac-
tually, when you expand (5.48) as any interaction via
(γij × γij), (γij × ζ), (ζ × ζ), . . . , (ζ × ζ × γij) , etc. That
gives a main difference between linear and nonlinear the-
ory. It maybe affect non-Gaussianity of tensor modes.
Of course, (5.53) can be reduced to a usual GR linear
theory as
∂2γij
∂τ2
+ 2H∂γij
∂τ
−∆γij = 0 , (5.55)
where the last source term can be derived from Rˆij [γ] =
−∆γij/2+O(γ2) in (5.34) with c2T = 1 and z = a in the
GR limit.
This basic equation (5.53) is a main result for gravi-
tational mode since it contains tensor mode plus scalar
mode χ defined by (3.10). The quantity χ is important
for construct nonlinear curvature perturbation: RNL in
(3.9), whose contribution of the next-leading order in ex-
pansion is given by χ = O(ǫ2). In the GR limit, the
evolution equation (5.53) can be reduced to (3.11) via
2∂τ ln z = 2H and c2T = 1.
On the other hand, the tensor perturbation can be
extracted from γij by taking a perturbation for hij =
γij − δij in the weak limit of hij and using the follow-
ing decomposition; where all symmetric traceless tensors:
Xij can be decomposed as
Xij =
3
2
(k˜ik˜j − 1
3
γij)X‖ + 2
∑
a=2,3
k˜(ie
a
j)Xa
+
∑
λ=+,×
eλijXλ , (5.56)
where ki denotes a constant comoving co-vector since
standard plane waves are used as basis at each constant
time hypersurface, while the direction of wave vector:
ki changes with time. Here we defined the unit vec-
tor k˜ = ki/
√
kiki, orthogonal basis set spanning the
constant time hypersurface: (k˜i, e
2
i , e
3
i ), and a polariza-
tion tensor eλij ; defined as e
λ
ij = (e
2
i e
2
j − e3i e3j)δλ+/
√
2 +
(e2i e
3
j + e
3
i e
2
j)δ
λ
×/
√
2. By using this method, the ten-
sor perturbation hij also can be decomposed into
(h‖, ha, h+,×). The physical tensor perturbations,
namely gravitational wave modes are h+,× in the decom-
position.
VI. SUMMARY AND DISCUSSION
In this paper, we developed a theory of nonlinear cos-
mological perturbations on superhorizon scales in the
context of inflationary cosmology. First, we followed GR
gravity plus a general kinetic single inflaton. In this case,
the energy-momentum tensor for the scalar field is equiv-
alent to that of a perfect fluid. We have solved the field
equations using spatial gradient expansion in terms of
a small parameter ǫ = k/(aH), where k is a wavenum-
ber, and obtained a general solution for the metric and
the scalar field up to O(ǫ2). Then we show a matching
condition between nonlinear solution and linear solution,
but including k2 effect. The master evolution equation
is a key result to characterize this system compatible to
similar evolution equation in linear perturbation theory.
Second, we extend this formalism to apply Galileon-
inflation, for which the inflaton Lagrangian is added by
G(X,φ)✷φ. In the case of G-inflation, it can no longer be
recast into a perfect fluid form, and hence its imperfect
nature shows up when the inhomogeneity of the Universe
is considered. We have solved the field equations using
spatial gradient expansion and also obtained a general
solution up to O(ǫ2). Then we introduce an appropri-
ately defined variable for the nonlinear curvature pertur-
bation in the uniform φ (comoving) gauge, RNLc . Upon
linearization, this variable reduces to the previously de-
fined linear curvature perturbation RLinc on a comoving
hypersurfaces. It has been also shown that RNLc satis-
fies a nonlinear second-order differential equation (2.21),
which is a natural extension of both linear perturbation
equation for RLinc and nonlinear for RNLc shown in (2.2).
We have shown some applications of our formalism and
the effect is sensitive to the temporal violation of some
kind of slow-roll conditions. So our formalism is good to
evaluate time evolution of curvature perturbation in the
physics for violation of slow-roll conditions.
We considered a multi-component scalar field with a
general kinetic term and a general form of the potential.
To discuss the superhorizon dynamics, we employed the
ADM formalism and the spatial gradient expansion ap-
proach. Different from the single-field case, there is a
difficulty in solving the equations in the multi-field case.
At leading-order, the equations take the same form as
those for the homogeneous and isotropic FLRW back-
ground with suitable identifications of variables.
In cosmological perturbation theory, the most impor-
tant quantity to be evaluated is the curvature perturba-
tion on the comoving slices which is conserved on super-
horizon scales after the universe has reached the adiabatic
limit. This quantity accurate to next-to-leading order
may be relatively easily obtained in the single-field case
because of the above mentioned coincidence among sev-
eral temporal slicings. On the other hand, in the multi-
field case, such a coincidence between different slicings
does not hold. We first solve the field equations in a slic-
ing in which the lapse function is trivial. We adopt the
uniform e-folding number slicing in which the time slices
are chosen in such a way that the number of e-folds along
each orbit orthogonal to the time slices, N , is spatially
homogeneous on each time slice. Then we can solve the
equations to next-to-leading order without encountering
the above mentioned problem. After the solution to next-
to-leading order is obtained, we transform it to the one
in the uniform expansion slicing which is known to be
identical to the comoving slicing on superhorizon scales
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in the adiabatic limit. Thus the gauge transformation
laws play an essential role in our formalism. We derived
them which are accurate to next-to-leading order. Note
that they are fully nonlinear in nature in the language of
the standard perturbation approach.
Finally, we show an extension our formalism to be-
yond Einstein gravity, that is general scalar-tensor the-
ory which can lead to several kinds of modified gravity.
These theories are motivated not only inflation, but also
the topic of dark energy. We used beyond Horndeski
(GLPV) theory at the uniform φ gauge that includes the
Horndeski theory, equivalently the most general second-
order in the equation of motions. We construct a dynam-
ical equation for superhorizon tensor perturbation with a
full nonlinear interaction between scalar and tensor per-
turbation (5.53) with z = a
√−(A4 + 3A5H/α) as (5.52).
The GR case of A4 = −1/2, A5 = 0 gives us z = a, but in
general case of modified gravity n this case, z can change
depending on the models, namely a time varying of A4
and A5. The integral
∫
z−2dτ in (5.50) and
∫
z2c2Tdτ
in (5.51) corresponding to a decaying and growing mode,
respectively. Therefore, the integrals tell us to give a pos-
sibility that tensor perturbation can be enhanced when
z decreases or z2c2T increases in τ . More application to
calculate non-Gaussianity of gravitational waves will be
a future task.
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